Food webs can be regarded as energy transporting networks in which the weight of each edge denotes the energy flux between two species. By investigating 21 empirical weighted food webs as energy flow networks, we found several ubiquitous scaling behaviors. Two random variables A i and C i defined for each vertex i, representing the total flux (also called vertex intensity) and total indirect effect or energy store of i, were found to follow power law distributions with the exponents α ≈ 1.32 and β ≈ 1.33, respectively. Another scaling behavior is the power law relationship, C i ∼ A η i , where η ≈ 1.02. This is known as the allometric scaling power law relationship because A i can be treated as metabolism and C i as the body mass of the sub-network rooted from the vertex i, according to the algorithm presented in this paper. Finally, a simple relationship among these power law exponents, η = (α − 1)/(β − 1), was mathematically derived and tested by the empirical food webs.
Introduction
Scientists look for universal patterns of complex systems because such invariant features may help to unveil the principles of system organization (Waldrop, 1992) . Complex network studies can not only provide a unique viewpoint of nature and society but also reveal ubiquitous patterns, e.g., small world and scale free, characteristic of various complex systems (Watts and Strogatz, 1998; Albert and Barabasi, 2002) . However, ecological studies have shown lometric scaling power law relationship. Although Garlaschelli's method as an algorithm had been applied to various networks, including the worldwide trade network (Duan, 2007) and tree of life (Herrada et al., 2008) , it had several shortcomings. The first step of his algorithm is to obtain a spanning tree by cutting many edges in the original network so that a certain amount of information is lost (Garlaschelli et al., 2003) . Allesina and Bodini (2005) improved this method by reducing the original network to a directed acyclic graph. Although less information is lost, cutting edges is still unavoidable. The second shortcoming of Garlaschelli's approach and Allesina's improvement is they can be applied to binary networks, but not weighted ones. This paper will combine the successful approaches in complex weighted networks and earlier studies on ecological flow networks to reveal the underlying heterogeneities and universal scaling behaviors of food webs. The study is organized as follows. In section 2, the basic ideas and steps for obtaining A i and C i are introduced. Afterwards, we apply these tools on 21 empirical food webs with energy flow information. Section 3.2 and 3.3 study the power law distributions of A i and C i . We extend Garlarschelli's approach to weighted food webs without cutting edges. The allometric scaling power law relationship between A i and C i is shown in section 3.4. A simple mathematical relationship among scaling exponents of power law distributions and power law relation is derived and tested using empirical food webs in section 3.5. Finally, the ecological meaning of A i and C i , the distributions of flux matrix and fundamental matrix, consideration of node information, etc., are discussed in section 4. A simple example of our approach, a comparison to the existing methods, and the theorem regarding power law exponents are presented in the Appendix.
Methods
In this section, we outline the basic idea and mathematical definition of our method. One simple example showing how the approach works will be discussed in the Appendix A in detail.
Flux Matrix
An ecological energy flow network is a weighted directed graph that represents relationships of ecological energy transfer. For a given graph, a matrix called flux matrix in this paper can be defined as representing the energy flux between species.
where f ij is the energy flux from species i to j. Two special vertices represent the environment: vertex 0 and vertex N + 1. Vertex 0 denotes the source of energy flow, whereas vertex N + 1 represents the sink. We expect that the dissipative and exported energy will flow to vertex N + 1. Therefore, there are in total (N + 2) × (N + 2) entries in the flux matrix.
Fundamental Matrix
Suppose that the flow network is balanced, meaning that the total influx equals the efflux for each vertex i ∈ [1, N]. We can then define an N × N matrix M from F follows,
and the fundamental matrix can be derived as
where, I is the unity matrix. Any element u ij in U matrix denotes the influence i to j along all possible pathways. U matrix was first introduced in economic input-output analyses (Leontief, 1951 (Leontief, , 1966 to indicate the direct and indirect effects of good flows in various economic sectors. Hannon (1973) was the first to apply this matrix to ecology (Fath and Patten, 1999; Ulanowicz, 2004) .
Given the flux matrix and fundamental matrix, two vertex-related variables, A i and C i , which will later be shown to follow power law distributions, are defined.
A i
We can calculate the total flux through any given vertex i according to F . This value is also called node intensity in complex weighted network studies (Almaas et al., 2004) . Because the network is balanced, we need only calculate the efflux of each node as A i ,
C i
Another vertex-related index called C i can be defined to reflect the total indirect effects or the total energy store of the sub-network rooted from vertex i.
We will provide an explanation of the indicator C i in Appendix A by a simple example.
A i is the total flow-through or intensity of vertex i. C i is the total influence of vertex i on all vertices in the whole network. Suppose that of the many particles flowing in the network (Higashi et al., 1993) , those passing vertex i will be colored red. C i would then be the total number of red particles flowing in the network. Actually, these two variables are extended from the approach of Garlaschelli et al. (2003) to calculate the allometric scaling of food webs (see Appendix B).
Balancing the Network
Sometimes the empirical network is not strictly balanced. To facilitate our algorithm, we can balance them artificially. Suppose N j=0 f ji = N +1 j=1 f ij for vertex i. We can add an edge with the weight |f
j=1 f ij to connect the vertex i to N + 1 or 0. If f ′ ij > 0, the direction of this artificial edge is from i to N + 1. If f ′ ij < 0, the direction is from 0 to i. Normally, the artificial edges have very small weights because most empirical food webs are almost balanced already.
Power Laws
After calculating the indicators of A i and C i for each vertex i, we will show that they follow the power law distributions in the high tails, which means that,
for given A i and C i which are larger than given thresholds x 0 , y 0 (Clauset et al., 2007) , and where ∼ represents "proportional to." The cumulative probability distribution curves will be shown and the power law exponents α, β calculated in the next section.
Furthermore, we will show that A i and C i satisfy a power law relationship,
This relationship is also called the allometric scaling law because A i represents metabolism and C i is the equivalent body mass of the sub-system rooted from vertex i (see Appendix A).
Results

Dataset
Twenty one food webs containing energy flow information from different habitats were studied (Table 1) . These food webs were obtained from an online database 1 , and most are from published papers. In Table 1 , we list the name and the number of nodes (|N|) and edges (|E|) in each web. The number of nodes does not include the "respiration" node, and the number of edges only counts the energy flows between species, and does not include the edges from (to) "input" and "output." The weights of edges in these food webs are energy flows whose values vary across a large range because the units and time scales of the measurements are very different.
After studying the scaling laws of these food webs, we divided the results into two main sections. First, the power law distributions that reflect the heterogeneity of A i and C i are shown. Second, the allometric scaling power law relationship that depicts the self-similar structures of energy flows is discussed.
Power Law Distributions of A i
We calculated the random variables A i for each of the 21 empirical food webs. Four of them are selected to plot in Figure 1 . Table 2 A i s of real food webs decay as power law in the high tail; therefore, the fitted lines start from given lower bounds x 0 (Clauset et al., 2007) . These figures show that A i follows the power law distribution.
There are obvious cutoffs in the tails that may be attributed to sampling effects (Newman, 2005) . According to equation 6, the cumulative probability decays as x slowly. The probability of finding a higher A i value (in the tail of the curve) is very small. Therefore, the number of samples in this interval becomes very few and statistical fluctuations are unavoidably large as a fraction of sample number. This phenomenon is obvious in other fields such as income (Clementi et al., 2006) , personal donations (Chen et al., 2009 ) and the number of species per genus of mammals (Newman, 2005) .
The scaling exponent α for each food web was estimated according to the maximum likelihood approach (Clauset et al., 2007) . The exponents and relative errors of power law fittings for all 21 food webs are listed in Table 2 .
In Table 2 , x 0 s represent the lower bounds of the power law distributions. We normalized x 0 by dividing the maximum A i of each food web to avoid the large range variance of x 0 among different webs because their units and the measurement time scales are very different.
D is the statistic of the KS test (Rousseau and Rousseau, 2000; Goldstein et al., 2004) . Its value reflects the maximum distance between the cumulative probability of real data and the fitted model. Therefore, the smaller D values indicate the better power law fitting. σ is the quantile of the 95% confidence interval for different numbers of samples (Noether, 1967) , and is only a reference for D. If D is smaller than σ, then we should accept the power-law hypothesis (Noether, 1967) . From Table 2 , we know that all food webs pass the KS test. In the last column, "No. of samples" means the number of sample points that are larger than x 0 and follow the power law distribution.
By comparing different rows, we know that the food webs with more edges can be better described by power laws because their Ds are smaller. Further, the scaling exponent α and x 0 /x min increase as the scale of the network decreases. All α values fall into the interval [1.23, 1.77], with an average of 1.32.
The power law distributions of A i s reflect the heterogeneities of energy flux. Few nodes possess high A i values, while most nodes only share a small fraction of the energy flux. The exponent of power law reflects the degree of heterogeneity of the whole network. Therefore, larger food webs are more heterogeneous than smaller ones because their exponents are lower (Table  2) . Although the power law distribution of A i can not give us concrete (α is the power law distribution exponent of equation 6; x 0 is the smallest value of A i that follows power law, x max is the largest A i ; D is the KS statistic; σ is the quantile of 95% confidence interval; and the number of samples is the total number of nodes following the power law distribution. The webs are sorted by their number of edges) Table 3 information about each vertex (Fath and Patten, 1999; Patten, 1981 Patten, , 1982 , it helps us to understand the network as a whole.
Power Law Distributions of C i
The same approach can be applied to C i s. The distributions of C i s for four selected food webs are shown in Figure 2 .
The curves of C i distributions are very similar to the curves in Figure 1 . The estimated exponents and the KS test parameters are listed in Table 3 .
Comparing Table 3 with Table 2 , the exponents of C i distributions are slightly higher than those of A i distributions. The exponent β and KS test statistic D decrease with the scale of the network. The average exponent of these food webs is 1.33, with all C i values falling into the interval [1.23, 1.84]. We have studied the heterogeneity of C i s node by node. The nodes with high A i values always have high C i values, indicating a possible positive correlation between A i and C i .
Allometric Scaling Relations
The similarity between Figure 2 and Figure 1 shows that there must be some connections between A i and C i . Allometric scaling of these flow networks revealed that the relationship between A i and C i is actually a power law.
As shown in Figure 3 , the sample points aggregate around their fitted lines very well. This relationship is ubiquitous for all 21 food webs as shown in Table 4 .
We used the minimum square error method to find the best-fitted line (Table 4 ). R 2 s were larger than 0.9 for all food webs except CrystalC, CrystalD and Rhode, whose scales are very small (|N| < 23). The R 2 s and exponents decrease with the scale of the network because the statistical significance decreases as the number of samples declines. All exponents η fall into the interval [0.83, 1.05]. The mean value of ηs for these food webs, except CrystalC,CrystalD and Rhode, is 1.02.
We also show the A i and C i values of root nodes for all food webs, and fit them with a line on the log-log plot (Figure 4 ). These power law relations reflect the self-similar nature of the weighted food webs.
Relationship of Scaling Exponents
As we have shown, A i and C i are random variables following power law distributions with scaling exponents α and β, respectively. They also follow a power law relationship with the scaling exponent η. Is there any universal relationship among α, β and η?
Actually, for any random variables following power law distributions and power law relations, we can prove a mathematical theorem (see Appendix C). According to this theorem, the power law exponents α, β, η of the food webs should also satisfy equation C.1. We tested this hypothesis by calculating (α − 1)/(β − 1) − η for each of the 21 empirical food webs to obtain Figure  5 .
From Figure 5 , we know that most exponents of food webs satisfy this relation, and that the errors become larger as the scale of the network decreases. As the scaling behaviors we are studying are statistical properties, the significance of these regularities will increase with the number of samples. Therefore, scaling behaviors are more obvious and accurate for large scale networks because larger webs have more sample points.
Discussion
Ecological Meaning of Power Law Exponents
As demonstrated above, food webs as energy transportation networks always follow power law distributions and relations. Three important exponents (α,β and η) are derived from these power law regularities. The question of whether these exponents carry ecological meaning naturally follows, and at first, the three exponents all reflect integral properties of whole networks. α describes the heterogeneity of first passage energy flux distributions among vertices. The heterogeneity decreases with α. Therefore the distributions of energy flows are more uneven in large food webs than the small ones. From table 2, we also know that all α values fall into the interval [1.23, 1.77]. According to the features of power law distributions, the means and variances of power law random variables with exponents smaller than (Newman, 2005) . Therefore, energy flux on food webs has no characteristic value. It is meaningless to find a specific species with the average energy flux as the representation of other species (Newman, 2005) . The allometric scaling relation describes the self-similarity of flow networks. Garlaschelli et al. (2003) ; Allesina and Bodini (2005) pointed out that allometric scaling exponents describe the transportation efficiency of binary food webs because C i is treated as the cost of transportation. The range of these exponents is between 1 (most inefficient network) and 2 (most efficient network). However, we believe that the exponent η discussed in this paper does not describe the efficiency of the whole network. As pointed out in section 2 and Appendix A, C i can be understood as the energy store by the system, rooted from i but not the cost of the transportation. Thus, the food web with higher η can store more energy with the same consumption of metabolites (A i ). Therefore, we believe that the food webs with higher η are more capable of storing energy by means of cycling the flows in the network. In Table 4 , we see that the networks with larger scales have larger η values. Consequently, food webs can increase their ability to store energy by increasing their complexity.
Further, the range of exponents η is not simply [1, 2] (see Table 4 ). As Garlaschelli et al. (2003) ; Allesina and Bodini (2005) ; Banavar et al. (1999) pointed out, the range [1, 2] is only suitable for spanning trees or directed acyclic graphs of the original binary food webs. However, our method considers more ingredients, including the energy flux as the weight of edges, the loop structures of energy flows, and the heterogenous energy dissipation of each node, than the mere topology of the food webs with homogenous nodes. That is the reason why the exponents are out of the range [1, 2] .
The exponent β also describes the heterogeneity of indirect effects. It is determined by exponents α and β via the theorem mentioned in section 3.5.
Flux Matrices and Fundamental Matrices
As discussed in section 2, A i and C i are defined according to the flux matrix and fundamental matrix. Therefore, the scaling behaviors of the food webs are determined by the matrices. The properties of these matrices may help us to understand the origin of the scaling behaviors.
The elements in flux matrices also follow power law distributions, with an average exponent 1.46 (see Table 5 ). We hypothesis that this power law determines the power law distribution of A i . However, unlike other variables, the distributions of fundamental matrices are not power laws but rather more like log-normal because the tails of the curves decline quickly (see Figure 6) . We also studied all of the fundamental matrices of 21 empirical food webs, and noted that very few could pass the KS test.
We presume that the calculation of the fundamental matrix in equation 3 needs infinite operations on F matrix (see section 2). As a result, the noise in F matrices is enlarged and accumulated in the tails of the distribution curves of U matrix. However, the means by which the non-power law distribution of fundamental matrices determines power law distributions of C i and the allometric scaling power law relationship is an interesting problem for future studies.
Information on Nodes
One of the weak points of our study on allometric scaling power law relationships is that the exponents are very close to 1. However, in this case, "allometry" just means the non-linear relationship between two variables, so, the relationship between A i and C i cannot be rigorously defined as an allometric scaling relationship. Because the calculations of fundamental matrices and C i s are always based on linear algebra, the results are close to linear relationship. One possible way to mend this weak point is to further consider the information available about nodes.
Indeed, much information on nodes, i.e., each species in the web, is ignored in this work. The biomass as the weight of each node is available for many food webs. According to the definition, C i is simply the energy store of the sub-system rooted from the vertex i. Therefore, biomass information should be included in C i because a large part of energy will flow into the species node stored as biomass. It is possible that a new approach of calculating C i including the biomass information for all species may break the linear relationship between A i and C i .
Another important node characteristic is the body size of a given species. The metabolic theory predicts that species body size of the species can not only determine metabolism, life span, and birth rate, etc. (Brown, 2004) , but also play an important role in energy flows and food webs (Cohen et al., 2003) . An integrated theory of weighted food webs based on energy flow networks should contain body size data.
Concluding Remarks
This paper presents a new approach to reveal the scaling natures of weighted food webs as energy flow networks based on flux and fundamental matrices. The A i ,C i distributions and the relationship between them always follow power laws. The power law exponents α,β and η satisfy a relationship, η = (α − 1)/(β − 1) as proved by the theorem 1. Power law exponents consistently change with network scales.
We note that the allometric scaling exponent does not reflect the transportation efficiency of networks but rather the capability of storing energy, which is very different from previous studies. We also investigated the distributions of flux matrices and fundamental matrices, and suggested that biomass information should be incorporated into future studies.
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Appendix A. A Simple Example
To understand the method introduced in the section 2, let's look at a simple example (Figure A.7) . As shown in Figure A .7, the balanced flow network and the derived matrix M can be obtained step by step according to the method described in section 2. The fundamental matrix U can then be calculated for this simple network. 
Any entry m ij in the matrix M is merely the probability of one particle flowing from vertex i to vertex j (Barber, 1978) . Furthermore, any entry (i, j) in M · M represents the probability of a particle flowing from i to j along any path in 2 steps. M · M · M represents the probabilities after 3 steps, etc. (Higashi et al., 1993) . Thus, the matrix U simply takes in consideration all transfers of particles along all possible paths. Now, we will show how to calculate A i and C i for vertex 2. According to the definition, A i is the total flow-through of vertex i, so A 2 = 6 j=1 f 2,j = 60. Suppose many particles are flowing in the network. They will be colored red once they flow through vertex 2. These particles will keep their color and flow around the whole network along all possible pathways. Hence, the total number of red particles in the network is just C 2 , which is computed as,
where the term G 2 = 5 j=1 f 0j u j2 /u 22 in equation A.2 is the total number of new particles which are colored red by vertex 2 in each time step. N j=1 f 0j u j2 is the number of particles that flow into the system from the environment 0 to the vertex i along all possible pathways at each time step, with f 0j = (100, 0, 0, 0, 0) in this example. By dividing by the term u ii to derive G i one avoids double counting the red particles (Higashi et al., 1993) . Thus, C i = G i N k=1 u ik is the total number of particles that have been colored red and flow to other nodes along all possible pathways at each time step.
If we treat the red particles flowing in the network as a metabolic subsystem, we can calculate its allometric scaling relationship as Garlaschelli has done for binary food webs (Garlaschelli et al., 2003) . Thus, A i is the metabolism and C i is the energy store or body mass of the sub-system. Indeed, Garlaschelli's approach can be recovered by our method, as shown in the next section.
Appendix B. Comparisons to Existing Approaches
In this section, we will compare our approach to Garlaschelli et al. (2003) 's method and Allesina and Bodini (2005) 's method. (a) is a hypothetical food web (The letter in each vertex is its index). The black vertex is the root; (b) is a spanning tree of the original network (a). A i and C i are denoted inside and beside vertex i; (c) is the implicated flow network of (b), the numbers beside edges are flux. The dashed lines are additional edges; (d) is a directed acyclic graph of the original network, the numbers are A i s and C i s calculated by the method of (Allesina and Bodini, 2005) ; (e) is a constructed flow network according to (d); (f) is the network with numbers of A i s and C i s calculated by our method according to the flow structure of (e).
by cutting edges. That way, each sub-tree rooted from any vertex can be viewed as a sub-system of the spanning tree. For example, the sub-tree with three vertices (b,f,g) rooted from the vertex b is a sub-system of the spanning tree. A i is the total number of vertices involved in this sub-tree and C i is the summation of A i s for each vertex in this sub-tree. Therefore, in this example, A b is 3 and C b is 6. Finally, the universal allometric scaling relationship of A i s and C i s, with an exponent around 1.3, was found for all food webs, according to Garlaschelli et al. (2003) . Garlaschelli's method was inspired by Banavar et al. (1999) 's model to explain the Kleiber's law (See Figure B.8(c) ). The spanning tree is simply Banavar's optimal transportation network. Thus, energy flows into the whole system from the root along the links of the network to all nodes. Suppose that each node would consume 1 unit of energy in each time step. A flux with 1 unit representing the energy consumption by each node should then be added to the original spanning tree. In Figure B .8(c), the energy dissipation by each node is added as a dotted line. As a result, A i of each node is just the total influx of this node. C i is the total flux (the total number of red particles colored by i) of the sub-tree rooted from i. Essentially, calculation of allometric scalings using Garlaschelli's approach is based on this weighted flow network model. Therefore, our algorithm can derive the exact same values of A i and C i for the flow network ( Figure B.8(c) ).
Allesina and Bodini (2005) extended Garlaschelli's method. First, the original network is converted to a directed acyclic graph (DAG) as shown in Figure B .8(d), then the sub-network originated from vertex i is identified as the set of vertices that have at least one path from i. Therefore, vertices b,c,d,f,g,h belong to the sub-network rooted from b because they are all connected with b. A i is the number of vertices in the sub-network, and C i is the summation of all A i s in this sub-network as shown in Figure B .8(d). Because Allesina and Bodini's approach is not based on weighted flows, it cannot be covered by our approach.
However, we can construct a balanced flow network according to the original network as shown in Figure B .8(e). The information of edges is added. Our approach can be applied to this flow network to calculate A i and C i values ( Although our approach requires weight information, it can be extended to more general flow networks, even those with cycles and loops. Also, as demonstrated by our approach, C i merely means the energy stored in the subsystem rooted from vertex i, which provides much clearer and more significant ecological meaning than previous works. 
